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Background

Stochastic optimization methods play a central role in large-scale learning and statistical estimation. When the objective
is expressed as a finite sum of loss functions:

f(θ) =
1

N

N∑
i=1

L(xi(θ), zi)

Standard stochastic approximation (SA) methods, such as Stochastic Gradient Descent (SGD) and Polyak–Ruppert Aver-
aging (PR-SA), approximate the true gradient by sampling a subset of data points. However, uniform sampling induces
high variance in the gradient estimator, leading to slow convergence [1] [3].

Importance Sampling (IS) provides a principled mechanism for variance reduction by reweighting samples according
to their contribution to the estimator’s variance. The recent paper “Stochastic Optimization with Optimal Importance Sam-
pling” (Aolaritei & al, 2025) proposes a unified stochastic approximation framework where both the model parameters
and the sampling distribution are jointly optimized to minimize the asymptotic variance of the iterates [1].

Our work explores how this optimal importance sampling principle can be adapted to a fixed-point learning problem,
where each sample’s contribution depends on an implicit function of the parameters. In this setting, gradients are defined
through fixed-point equations, and classical assumptions such as independence or explicit gradient availability no longer
hold directly.

Aim

The project aims to adapt the optimal importance sampling methodology to a stochastic optimization problem with
implicit, fixed-point structures. Specifically, we seek to:

1. Extend the theoretical framework of importance sampling to stochastic gradients derived from fixed-point equations.

2. Establish the asymptotic normality of the iterates under the Martingale Central Limit Theorem (CLT) for
dependent samples [2].

3. Design a single-loop adaptive algorithm that jointly optimizes the model parameters and the sampling distribution.

4. Demonstrate, through theoretical analysis, how variance reduction and asymptotic optimality can be achieved
without prior knowledge of the optimal solution.

Method

Notation. We define the decision vector θ ∈ RK . For each data point i, let xi(θ) ∈ Rdx be the learned state and ui(θ) ∈
U ⊆ Rdu be the learned control, where U is a closed, convex set. The dynamics are given by f : Rdx ×Rdu ×P → Rdx ,
and the differentiable loss function is L : Rdx × Z → R. Finally, ΓU denotes the Euclidean projection onto U . We
consider a finite-sum stochastic optimization problem where the gradient of each term depends on the implicit fixed
points (xi(θ), ui(θ)):

xi(θ) = f(xi(θ), ui(θ), Pi), ui(θ) = ΓU

[
ui(θ)− α∇uL

(∑
k

θkx̂
(k)
i (θ, ui(θ)), zi

)]
.

Under Lipschitz continuity and contraction assumptions, these fixed points are well-defined, allowing the use of implicit
differentiation to compute gradients Gi(θ) = ∇θL(xi(θ), zi).
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We introduce a discrete IS distribution q = (q1, . . . , qN ) over indices i, with likelihood ratio ℓ(i, q) = (1/N)/qi. The
optimal IS distribution minimizing the variance of the stochastic gradient estimator is

q∗i =
∥G(θ∗, i)∥∑
j ∥G(θ∗, j)∥

.

This distribution oversamples gradients with large norms, thus reducing estimator variance.
Since q∗ depends on the unknown optimum θ∗, we employ a joint stochastic approximation scheme, updating both θ

and the IS parameters µ simultaneously:

θn+1 = θn − αn+1G(θn, in) ℓ(in, µn), µn+1 = µn − αn+1∥G(θn, jn)∥2∇µℓ(jn, µn),

where in ∼ q(µn) and jn is uniformly sampled.

Preliminary Results

1. Asymptotic Convergence and Normality: By leveraging the Martingale CLT (Hall & Heyde, 1980), we expect to
show that the averaged iterates satisfy

√
n(θ̄n − θ∗)

d−→ N (0,Σ∗),

with minimal asymptotic covariance

Σ∗ = (∇2f(θ∗))−1Vari∼q∗ [G(θ∗, i)](∇2f(θ∗))−1.

2. Algorithmic Prototype and Empirical Validation: We implemented a prototype of the joint adaptive IS algorithm
and compared it against classical SGD with uniform sampling on a simplified fixed-point learning model.

Figure 1 illustrates the performance of our prototype. The left panel demonstrates that the proposed Joint NDA (Adap-
tive IS) method achieves faster convergence and a lower terminal loss compared to the uniform baseline. The right panel
tracks the entropy of the importance sampling distribution; its steady decrease from the maximum entropy (uniform) level
confirms that the algorithm successfully adapts the sampling weights to focus on the most informative data points, thereby
reducing variance.

Figure 1: Left: Convergence comparison showing the total loss reduction of the Adaptive IS method vs. Classical SGD.
Right: Evolution of the IS distribution entropy, showing deviation from the uniform distribution.
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